Let n and r be positive integers. Suppose that a family F ⊂ 2 [n] satisfies F 1 ∩ · · · ∩ F r = ∅ for all F 1 , . . . , F r ∈ F. We prove that if 0 < w ≤ (r − 1)/r then F ∈F w |F | (1 − w) n−|F | ≤ w.
Introduction
Let n and r be positive integers. A family F of subsets of [n] = {1, 2, . . . , n} is called r-wise intersecting if F 1 ∩ · · · ∩ F r = ∅ holds for all F 1 , . . . , F r ∈ F. For applications it is often important to consider weighted intersecting theorems, i.e., results where instead of |F| some different function is maximized. For a real w ∈ (0, 1) let us define the weighted size W w (F) of F by
. . , v n ) be a random 0-1 vector where v i = 1 with probability w and v i = 0 with probability 1 − w. Let F ( v) be the corresponding subset of [n], i.e., F ( v) = {i : v i = 1}. Now W w (F) is the probability that for a random 0-1 vector v, F ( v) ∈ F holds. The weighted size also appears in the optimization of reliability polynomial, see [5] for details.
Finally, define
Let us check f w,r (n) ≥ w.
Then F 0 is r-wise intersecting for every r, and
Actually, this is the maximal weight.
On the other hand, we will see
2 Proof of the theorem
We distinguish two cases w = (r − 1)/r and w < (r − 1)/r. For the first case, we need a preliminary result. Define a map p :
and ϕ(G) = {ϕ(g) : g ∈ G}. If p(G) is r-wise intersecting, {g, ϕ(g), . . . , ϕ r−1 (g)} ⊂ G for any g ∈ {0, . . . , r−1} n , and thus G∩ϕ(G)∩· · ·∩ϕ r−1 (G) = ∅. Therefore,
Now we assume that w = (r − 1)/r and prove the theorem in this case. Let F ⊂ 2
[n] be r-wise intersecting. Then,
On the other hand, using the proposition, we have
Therefore, W w (F) ≤ r−1 r = w and f w,r (n) = w.
Next we assume that w < (r − 1)/r. We use the following result proved by Frankl in [2] .
Proposition 2 If G ⊂
[n] k is r-wise intersecting and (r − 1)n ≥ rk, then |G| ≤ k n n k . Let > 0 be a small real and set an open interval I = ((1 − )nw, (1 + )nw). For any > 0 there exists n 0 = n 0 ( ) such that k ∈I n k w k (1 − w) n−k < for n > n 0 . Thus, choosing an optimal F, we have
This implies lim n→∞ f w,r (n) = w.
Let us choose F ⊂ 2 [n] with W w (F) = f w,r (n), and define F ⊂ 2 [n+1] by F = F ∪ {F ∪ {n + 1} : F ∈ F}. Then W w (F ) = f w,r (n)((1 − w) + w) = f w,r (n), which means f w,r (n + 1) ≥ f w,r (n).
By (1), (3) and (4), we have f w,r (n) = w. This completes the proof of the theorem.
If w > r−1 r , we can choose > 0 so that r−1 r
3 Concluding remarks
[n] is r-wise t-intersecting}.
Then F 0 is r-wise t-intersecting for every r, and W w (F 0 ) = w t . This means f w,r,t (n) ≥ w t . We have shown that f w,r,1 (n) = w if w ≤ (r − 1)/r. Problem 1 Does f w,r,t (n) = w t hold if w ≤ w(r, t) and t ≤ 2 r − r − 1?
In [3] , the authors proved
The above result is used to prove the following, which settles a problem posed in [2] .
[n] be a 3-wise 2-intersecting Sperner family. Then
Then F 1 is a non-trivial r-wise intersecting family. Brace and Daykin proved the following.
Theorem 3 [1] Suppose that F ⊂ 2
[n] is a non-trivial r-wise intersecting family. Then |F| ≤ |F 1 |.
In other words, W 1/2 (F) ≤ W 1/2 (F 1 ) holds for any non-trivial r-wise intersecting family F. Can we expect the same inequality (W w (F) ≤ W w (F 1 )) for w = 1 2 + ? In [4] , the authors proved that the answer is "yes" for r ≥ 13 and "no" for r ≤ 5.
